Sp(3) STRUCTURES ON 14-DIMENSIONAL MANIFOLDS 
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Abstract. The present article investigates Sp(3) structures on 14-dimensional Riemannian 
manifolds, a continuation of the recent study of manifolds modeled on rank two symmetric 
spaces (here: SU{6)/Sp{3)). We derive topological criteria for the existence of such a structure 
and construct large families of homogeneous examples. As a by-product, we prove a general 
uniqueness criterion for characteristic connections of G structures and that the notions of 
biinvariant, canonical, and characteristic connections coincide on Lie groups with biinvariant 
metric. 



1. Introduction 

1.1. Background. The present article is a contribution to the investigation of Riemannian man- 
ifolds modeled on rank two symmetric spaces, carried out by different authors in recent years (for 
example, |BN07| . |CF07) . p'TOS] . |ABBF11| . |CM12| ). They constitute an interesting new class 
of special geometries that goes back to Cartan's classical study of isoparametric hypersurfaces 
( |Ca38| . |Ca39] ). as we shall now explain. 

A Riemannian manifold immersed in a space form with codimension one is called an isoparametric 
hypersurface if its principal curvatures are constant; the main case of interest are immersions 
into spheres S*"^^ C M", the case we shall be interested in henceforth. If one denotes by p the 
number of different principal curvatures, Cartan proved that for p — 1^2 only certain spheres 
are possible, while for p = 2>, tubes of constant radius over an embedding of KP^ into S"""^ are 
possible for IK = M, C,IHI, and O: Hence, for p = 3, the dimension n must be 5,8,14, or 26. 
The main key of the construction are the so called Cartan-Miinzner polynomials, homogeneous 
harmonic polynomials F of degree p satisfying ||gradF|p = p^||a;|pP^^. The level sets of -F'|g„_i 
define an isoparametric hypersurface family. Geometrically, F can be understood as a symmetric 
rank p tensor T, and each level set M will be invariant under the stabilizer Gx of T. Hence, 
isoparametric hypersurfaces lead to Euclidean spaces R" admitting a symmetric rank p tensor 
T and a Gt structure, and, for p = 3, this leads us in a natural way to manifolds of dimension 
5,8,14, and 26. 

The relation to rank two symmetric spaces is as follows: If Af"^^ C 5"^^ — SO(n)/SO(n — 1) 
is orbit of some Lie group G C SO(n), then it is automatically isoparametric. Hence, the 
classification of homogeneous isoparametric hypersurfaces can be deduced from the classification 
of all subgroups G C SO(ri) such that the codimension in 5'""-'^ (resp. R") of its principal G-orbit 
is one (resp. two). By results of Hsiang and Lawson, this is exactly the case for the isotropy 
representations of rank 2 symmetric spaces |HL71| , |HH80| . From the root data of the symmetric 
space, one deduces that for p = 3, only 4 symmetric spaces are possible, namely, SU(3)/SO(3), 
SU(3), SU(6)/Sp(3), and E^lFi. Their relation to the division algebras IK = R,C,IHI, and O 
(see Cartan's result) is through their isotropy representations, they are realized on trace free 
symmetric endomorphisms (see Table [T]). 

We are interested in Riemannian manifolds in these 4 dimensions admitting a symmetric, trace 
free, 3-tensor T [N08I ; its stabihzer is then resp. S0(3), SU(3), Sp(3), or F4. The 5-dimensional 
case and the corresponding 5*0(3) structures were studied by several authors in [ABBFll] , 
|BN07j . |CF07) . For the 8-dimensional case and the corresponding SU(3) structures, we refer to 
|H01) . |W08) , and [Pll] . The present paper will be the first dealing with n = 14. As far as we 
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dimension 


5 


8 


14 


26 


symmetric model 


SU(3)/SO(3) 


SU(3) 


SU(6)/Sp(3) 




isotropy rep. 


S0(3) on Si(R^) 


SU(3) on ^^(C^^) 


Sp(3) on si(a^) 


Ea on Si{0^) 



Table 1. Rank two symmetric spaces and their isotropy representations 



know, nothing is known for manifolds modeled on the exceptional symmetric space Eq/ F4. From 
the experience of the present work, one can expect the computations to be challenging, but this 
case has the charm that it is the first occurrence of the exceptional Lie group F4 in differential 
geometry. 

1.2. Outline. By definition, an Sp(3) structure on a 14-dimensional Riemannian manifold will 
be a reduction of the frame bundle to an Sp(3)-bundle. We take a closer look at Sp(3) structures, 
and classify the different types through their intrinsic torsion. This is the first occurrence where 
the high dimension implies the failure of standard techniques: we were not able to prove the 
uniqueness of the so-called characteristic connection of an Sp(3) structures in the usual way, and 
therefore proved a general uniqueness criterion which is valuable in its own (Theorem l2.ip . based 
on the skew holonomy theorem from ' AF04| and |0R12| . 

We then derive some topological conditions for a 14-dimensional manifold to carry an Sp(3) 
structure. They are a consequence of the computation of the cohomology ring H* {BSp{3) ; Z) = 
Z[g4, gg, (712] for some qi G H^{BSp{3)), see |MT91j . In particular, for a compact oriented Rie- 
mannian manifold with Sp(3) structure the Euler characteristic as well as the i-th Stiefel- Whitney 
classes {i 7^ 4, 8, 12) must vanish. Any Sp(3) structure on a 14-dimensional manifold induces a 
unique spin structure. Besides SU(6)/Sp(3), we will construct large families of manifolds admit- 
ting an Sp(3) reduction. 

The next section is devoted to the existence problem of Sp(3) structures (and other G structures) 
on Lie groups — for example, whether G2 carries an Sp(3) structure. For Lie groups equipped 
with a biinvariant metric, we prove that the notions of characteristic, canonical, and biinvariant 
connections coincide, and that these are precisely the connections induced by the commutator 
(Theorem l3.1|) . The link to Sp(3) structure is subtle: Firstly, this result treats the case excluded 
in Theorem 12.11 secondly, the result is intricately linked to previous work by Laquer on biin- 
variant connections jL92a] . |L92b| . in which the rank two symmetric spaces and the Lie groups 
U(n), SU(n) play an exceptional role. 

The longest part of the paper is devoted to the explicit construction and investigation of 14- 
dimensional homogeneous manifolds with Sp(3) structure, hence proving that such manifolds 
exist and that they carry a rich geometry. The manifolds are a higher dimensional analogue 
of the Aloflf-Wallach space, SU(4)/SO(2), the related quotients U(4)/SO(2) x S0(2), U(4) x 
U(l)/S0(2) X S0(2) X S0(2), and finally SU(5)/Sp(2) (this is the same manifold as the symmetric 
space SU(6)/Sp(3), but the homogeneous structure is different). In all situations, there are large 
families of metrics admitting an Sp(3) structure with characteristic connection. For the first 
three spaces, the qualitative result is the following: the Sp(3) structure is of mixed type, the 
characteristic torsion is parallel, and its holonomy is contained in the maximal torus of Sp(3). 
For the last example, the picture is different: It is a 3-parameter deformation of the integrable 
Sp(3) structure (i. e. the structure corresponding to the symmetric space), it is of mixed type for 
most metrics, but of pure type for some, the characteristic connection has parallel torsion for a 
2-parameter subfamily, and its holonomy lies between Sp(2) and Sp(3). The Appendix contains 
the explicit realizations of representations needed for performing the calculations. 

1.3. Acknowledgments. Some of the results presented in this article rely on involved represen- 
tation theoretic computations. These were obtained with help of the computer algebra system 
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making such a nice tool available to the scientific community. The computer algebra system 
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2. Definition and properties of Sp(3) structures 



2.1. Basic set-up. The 14-dimensional irreducible representation V^^ of the Lie group Sp(3) 
gives rise to an embedding Sp(3) C S0(14). One possible realization of this representation is 
by conjugation on trace free hermitian quaternionic endomorphisms of H'^, denoted by Sq{M^). 
Therefore, it is natural to realize the Lie Group <S'p(3) as quaternionic, hermitian endomorphisms 
of H^: 



Sp(3) = {ge SU(6) I g'jg = J} = {g e GL(3,H) | gg* = I3}, where J 



I3 
-I3 



and I3 denotes the identity of (respectively M^). The second equality is established by 
A b\ 

g = _ _ H> A + jB, {l,i,j', fc} being the usual quaternionic units. Thus we get the 

Sp(3)-representation as 

Q{g)X gXg-'^ for g e Sp(3), X e S'o(tf) ^ 1/". 

We give a precise description of this representation in Appendix El The space {M?) of symmet- 
ric quaternionic endomorphisms of H'^ is a classical Jordan algebra with respect to the product 
X oY := \{XY + YX). We define a symmetric (3, 0)-tensor T by polarization from the trace, 

T{X,Y,Z) := 2\/3[trX''^ + try^ + trZ3]-tr(X + r)3-tr(X + Z)3-tr(y + Z)^+tr(X + r + Z)3. 

A second tensor is obtained as T{X,Y,Z) := T{X,Y,Z). Because of the non-commutativity 
of H, the symmetric (3, 0)-tensors T and T are not conjugate under the action of S0(14), but 
they both have stabilizer Sp(3). Alternatively, one may use the Jordan determinant for defining 
a symmetric tensor; again, the non-commutativity implies the existence of two determinants 
deti,det2. However, deti(X) = trX^, hence polarization and hermitian conjugation yields again 
the same tensors T and T. We observe that, in this special situation, there exists an alternative 
object realizing the reduction from S0(14) to Sp(3): Sp(3) is the stabilizer of a generic 5-form 
in 14 dimensions. Thus, Sp(3) geometry continues in a natural way the investigation of 3-forms 
{n ~ 7 and G ~ G2), and 4- forms (n — 8 and G — Spin(7) as well as all quaternionic Kahler 
geometries in dimensions 4n). 

By definition, an Sp(3) structure on a 14-dimensional Riemannian manifold {M, g) is a reduction 
of its frame bundle to a Sp(3) subbundle. This is equivalent to the existence of a (3, 0)-tensor 
T, which is to be associated with the linear map TM — > End(rAf), v i-> T„ defined by {^v)ij = 
^ijkVk with the following properties |N08) 

(1) it is totally symmetric: g{u, Tyw) = g{w, T^u) — g{u, T^w), 

(2) it is trace-free: trT^, = 0, 

(3) it reconstructs the metric: T^v = g{v, v)v. 

A first example of such a manifold is the symmetric space SU(6)/Sp(3). As Kerr shows in |K96[ 
Section 4], this is the space of quaternionic structures on M}'^ = for a fixed complex structure. 
Further non symmetric examples will be given in Sectional 
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2.2. Types and general properties of Sp(3) structures. The different geometric types of G 
structures on a Riemannian manifold {M,g), i. e. of reductions TZ of the frame bundle -^(M) to 
the subgroup G C 0{n), are classified via the intrinsic torsion ( |F03| . see also |Sal89| . [FinQS) ). 
Given a Riemannian 14-manifold M^^ with an Sp(3) structure, we consider the Levi-Civita 
connection as a so(14)-valued 1-form on the frame bundle J^(M^^). If unique, we shall 
denote the irreducible sp(3)-representation of dimension n by V^" (in particular, we shall write 
sometimes sp(3) — V'^^). To start with, the complement of the Lie algebra sp(3) inside so(14) is 
an irreducible sp(3)-module V™. Hence, the restriction of to TZ can be split into 

Z^lj,^ = Z* ®T e so(14) = sp(3) ® y™, 

where F is called the intrinsic torsion. In every point x, G V^* (E) V''^^ . The following Lemma 
may be checked directly with LiE: 

Lemma 2.1. A^{V^*) splits into four irreducible components, 

a3(f") = sp(3) ® ® v^^ © yi^^ , 

and V^'^ (S) V'^'~' splits into seven irreducible components, 

Thus, there are 7 basic types of Sp(3) structures, classified by the irreducible submodules of 
(g) y"^"; we call a structure o/ ij/pe y if F is contained in and we call it of mixed type 
if F is not contained in one irreducible representation. Recall that a given Sp(3) structures will 
admit an invariant metric connection with skew symmetric torsion ('a' characteristic connection) 
if and only if F lies in the image of the Sp(3)-equivariant map |F03) 

e := id (g prv-ro : A3(F") _^ yll ^ yTO 

In this definition, we understand A^{V'^'^) as a subspace of V^^ A'^(V^^) and identify A'^{V^^) 
with so(14). This shows that Sp(3) structures with F e ® ® V^^'^ cannot admit a 
characteristic connection. The connection will be unique — and thus will deserve to be called 
ctiaracteristic connection — if and only if Q is injective. For small groups and dimensions, injec- 
tivity can often be checked directly, and this is a well-known result for almost Hermitian or G2 
structures. In our case, a direct verification fails for the first time; we will thus prove a general 
criterion that follows from the skew holonomy Theorem of Olmos and Reggiani '0R12I , based on 
preliminary work from our article }AF04[ . Our result generalizes in some sense [0R12. Thm 1.2], 
stating that the canonical connection of an irreducible naturally reductive space (7^ 5", MP" or 
a Lie group) is unique (i. e. different realizations as a naturally reductive space induce the same 
canonical connection). The case of an adjoint representation (excluded below) will be treated 
separately in Section [3l 

Theorem 2.1. Let G C SO(n) be a connected Lie subgroup acting irreducibly on M", and assume 
ttiat G does not act on M" by its adjoint representation. Let m be a reductive complement of g 
inside 5o{n), so{n) = g ® m. Consider the G-equivariant map 

e:=id®pr„: A^{R") — > M" (g m, e(T) = ^ e, (g) pr„(e, J T). 

i 

Then kerO = {0}, and hence the characteristic connection of a G-structure on a Riemannian 
manifold (M, g) is, if existent, unique. 

Proof. An element T £ A'^(M") will be in keiQ if an only if all X JT, identified with elements 
of so(n), lie in g. In the notation of |AF04j . any 3- form T E A"^(]R") generates a Lie algebra 

g*T := Ue{XJT\Xe M"), 

and 

kere = T(g,R") := {T G A3(R") | gj, c g}. 
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In [0R12| . a triple {V, 9, G) is called a skew holonomy system if V is an Euclidian vector space, 
G is a connected Lie subgroup of SO(y), and 9 : V ^ g is a, totally skew 1-form with values 
in 0, i.e. 9{X) E q C so{V) and {9(X)Y,Z) defines a 3-form on V. Hence, we see that any 
T G kerG defines a skew holonomy system with V = M" and the given G representation, and 
9{X) — X JT. Furthermore, this skew holonomy system will be irreducible, by assumption on 
the G- representation on M". By |AF04j . jOR12| Thm 4.f], G cannot act transitively on the unit 
sphere of R", for then G = SO(y) would hold, and this case was excluded by assumption. Thus, 
any T G ker Q defines a non-transitive irreducible skew holonomy system. By the skew holonomy 
Theorem [0R121 Thm 1.4], M" will then itself be a Lie algebra, with the bracket induced by T 
{[X, Y] = T{X, Y,—)), and G = Ad H, where H is the connected Lie group associated to the Lie 
algebra K". This case having been excluded by assumption, it follows that any T € ker 8 has to 
vanish. □ 

Let us look back at all G-structures modeled on the four rank two symmetric spaces SU{3) /S0{3) , 
SU(3), S'C/(6)/Sp(3), and Eq/E4. For the 5-dimensional SO(3)-representation, the injectivity of 
8 can be established by elementary methods [F03j . |ABBFll| . For SU(3), viewed as a symmetric 
space, we are dealing with the adjoint representation excluded in Theorem 12.11 a-nd indeed the 
one-dimensional kernel of 8 was observed by Puhlc in [Pill . For the irreducible representations 
of Sp(3) on = yi"* and F4 on M^e^ Theorem O is apphcable, hence ker 8 = {0} and the 
characteristic connection is unique in all situations where at least one such connection exists. 
Together with the explicit decompositions from Lemma 12.11 we can summarize the result for 
Sp(3)-structures as follows: 

Corollary 2.1. An Sp(3) structure on a 14:- dimensional Riemannian manifolds admits a char- 
acteristic connection V if and only if the 14- , 90- and bl2- dimensional parts of its intrinsic 
torsion vanish, and then it is unique. 

Remark 2.1. Even in cases where the G action on R" is not irreducible, a modification of the 
proof of Theorem 12.11 might work. We leave it to the reader to check this for example for the 
action of U(n) on R^"+^, thus yielding the uniqueness (if existent) of a characteristic connection 
for almost metric contact manifolds in all dimensions. Of course, this was shown explicitely 
before in |FrI02| . 

Remark 2.2. If the Sp(3)-manifold {M^'^,g) admits a characteristic connection with torsion 
T G A^(Af^^), it satisfies V^T = by the general holonomy principle. But for any (3, 0) -tensor 
field T, 

V^T(X, Y, Z) = V^T(X, y.Z)-]^ [T (T(F, X), F, Z) + T{X, T{V, Y),Z)+ T{X, F, T{V, Z))], 

hence one concludes at once that V^T = implies 

(1) Vf,T(T/,y,T/) = 0. 

Such Sp(3)-manifolds were called nearly integrable by Nurowski |N08) . in analogy to nearly Kahler 
manifolds. However, one sees that condition ([T]) is not a restriction for the Sp(3) structure, 
making some of the computations jN081 p. 11] unnecessary. In this paper, we shall just speak of 
Sp(3) structures admitting a characteristic connection. 

Lemma 2.2. Suppose that {M^^,g) is a Riemannian manifold with S'p{3)-structure admitting 
a characteristic connection V with torsion T G h?{M^'^), and that the torsion is ^ -parallel, 
VT = 0. Then there exists a \I -parallel 2- form fJ. 

Proof. The symmetric (3, 0)-tensor T induces by contraction a V-parallel vector field ^, hence 
the 2-form := ^ J T will be V-parallel as well. □ 

However, the 2-form Q, will be very degenerate (Sp(7) is much larger than Sp(3)) and thus it will 
not induce a symplectic structure. Observe that Ric^ will have vanishing eigenvalue in direction 
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2.3. Topological constraints. Let BS0(14) and BSp(3) be the classifying spaces of S0(14) 
and Sp(3) respectively. For a 14-diniensional oriented Riemannian manifold Af we consider 
the classifying map of the frame bundle 

/ : Afi-* — > BS0(14). 

The existence of a topological Sp(3) structure is equivalent to the existence of a lift /, 

BSp(3) 

f 

LbS0(14) 

Since the cohomology algebra of the space BSp(3) is generated by three elements in and 
H^^ (see Theorem 5.6., Chapter III, |MT91| ) we immediately obtain the following 

Theorem 2.2. If M^'^ is a compact oriented Riemannian manifold with Sp(3) structure, then 

(1) the Euler characteristic vanishes, x(Af"'^^) = 0, 

(2) Wi{M^^) ~ for i 7^ 4, 8, 12, where Wi are the Stief el- Whitney classes. 

Remark 2.3. For example, and any product of spheres S'" x S"^ with m + n = 14 and m, n 
both even cannot carry an Sp(3) structure, since the Euler characteristic does not vanish. The 
requirement wi{M-^^) — W2{M^^) = means that any manifold with Sp(3) structure is orientable 
and admits a spin structure. Since Sp(3) is simply connected, the inclusion Sp(3) C S0(14) 
admits a unique lift to Spin(14). Thus a Sp(3) structure defines a unique spin structure. 

Now we are going to construct some examples. In general, let M" be a manifold with a fixed 
G-reduction TZ of the frame bundle. For any G-representation k on Eg we consider the associated 
bundle 

E = TZx^Eo^ Af" . 
The tangent bundle of the manifold E splits into a horizontal and vertical part, 

T{E) = T^iE) © T'\E) . 

Since 

T''{E) = 7r*(T(A/")) = 7r*(7^)xGK", and T^'iE) = tt*{E) = Tr*{n)xGEo 
we obtain the following 

Lemma 2.3. As a manifold, E admits a G structure TE = tt*{R) Xq (Eq ® R"). 

With Theorem lA.il in Appendix lA. 51 we get V^^ = A5 © © and thus receive 

Corollary 2.2. Any oriented 1-dimensional bundle over a 13 -dimensional Riemannian manifold 
with an Sp(2) structure of type A5 © p^ admits a Sp(2) C Sp(3) structure. 

Let us consider a 5-dimensional manifold with Spin(5) = Sp(2) structure as well as the 
corresponding spinor bundle. It is a 13-dimensional manifold and Lemma 12.31 gives us the needed 
Sp(2) structure on it. We summarize the result. 

Example 2.1. Any oriented 1-dimensional bundle over the spinor bundle of a 5-dimensional 
spin manifold admits a Sp(2) C Sp(3) structure. 

Taking a 8-dimensional manifold with a Spin(5) — Sp(2) structure TZ we consider M^^ ~ ^Xsp(2) 
p^. Again we have T{M^^) = TZ Xgp(2) (^5 ®P^), leading to a Sp(3) structure on any bundle 
over Afi3. 

Example 2.2. Any oriented 1-dimensional bundle over the associated bundle M^^ =TZx sp(2) 
of a 8-dimensional manifold with Sp(2) structure TZ — ?► admits a Sp(2) C Sp(3) structure. 
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The above examples of Sp(3) spaces being fibrations over special smaller dimensional manifolds 
used the subgroup G = Sp(2) C Sp(3) as weU as its decomposition of V^'^. We list the maximal 
connected subgroups of Sp(3) and their decompositions of in Appendix IA.5I Particularly 
interesting are G = U(3) and G = S'0(3). 

Example 2.3. A special 9-dimensional real vector bundle over a 5-dimensional manifold equipped 
with an irreducible S0(3) structure admits a S0(3) C Sp(3) structure (see |ABBFll| ). 

Example 2.4. A special 8-dimensional real vector bundle over a 6-dimensional hermitian man- 
ifold admits a U(3) C Sp(3) structure. 

3. Sp(3) STRUCTURES AND OTHER G STRUCTURES ON LlE GROUPS 

The first 14-dimensional homogeneous space that comes to mind (besides S'^'*) is presumably the 
Lie group G2. We will devote this section to the question whether G2 carries a natural Sp(3) 
structure. Since it seems that the topic has not been treated before, we shall start with some 
general comments on G structures on Lie groups. 

Let G be a connected compact Lie group with a biinvariant metric 5, and K <Z G a, connected 
subgroup of G whose Lie algebra I decomposes into center 3 and simple ideals ^i, i.e. 6 = 
30^0© • • •© 6r- Set a := l-^, hence g = a® £. We view G as the homogeneous space G x K/A{K), 
where AA' {(fc, k) : k e K}. D'Atri and Ziller proved in jDZ79[ p. 9] that the family of left 
invariant metrics on G defined by (a, ai, . . . ,ar > 0, h any scalar product on 3) 

(2) (,) a-g\^®h\^®ai-g\^^®...®ar-g\^^ 

is naturally reductive for the homogeneous space G x K/A{K) in the following sense: Write 
Q(B i = Af ® p, then p is isomorphic (as a vector space) to Te(G x K/A{K)) = g, but with 
an isomorphism (and thus a commutator) depending on the parameters a, a^. The metric then 
satisfies 

([A,y]p,z) + (y,[A,z]p) = VA,y,ZGp. 

In the special case that K is chosen to be G, a = and the metric ( , ) is precisely a biinvariant 
metric on G. 

By a theorem of Wang |KNI| . invariant metric connections V on G (still with respect to its 
realization as a naturally reductive space) are in bijective correspondence with linear maps A : 
p — > so(p) that are equivariant under the isotropy representation. As described in |A03[ Lemma 
2.1, Dfn 2.1], the torsion T of V will be totally skew-symmetric if and only if A{X)X = for 
all A g p (and this condition is well-known to be equivalent to the fact that the geodesies of V 
coincide with the geodesies of the canonical connection, |KNII1 Prop. 2.9, Ch.X]). Thus, one can 
give immediately a one-parameter family of invariant metric connections V* with skew torsion, 
namely the one defined by A{X)Y = t[X, Y]p that was investigated in detail in [A03) . For i = 0, 
V* has holonomy K , thus we can summarize: 

Proposition 3.1. Let G he a connected compact Lie group, K <Z G a connected subgroup, 
G = G X K/AK as a reductive homogeneous space. For any parameters a,ai, . . . ,ar > 0, the 
left invariant metric ( , ) on G defined by ([2]) is naturally reductive and admits an invariant 
metric connection with skew torsion and holonomy K . 

In general, this is all we can say; in particular, we do not know about other systematic construc- 
tions of interesting K structures on a Lie group G, for example, if K is not a subgroup of G. 
We shall now investigate further the case K = G. First, we can answer the question on G2 we 
started with: 

Remark 3.1. Since G2 is simple, there are no center nor non-trivial ideals that would allow for 
a deformation of the metric, hence ( , ) has to be a multiple of the negative of the Killing form of 
G2. Sp(3) is not a subgroup of G2, but its maximal simple subgroup SU(3) (see Appendix lA.sp 
is also a maximal subgroup of G2. However, they are not conjugate inside S0(14); this is easiest 
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seen by computing the branching of the 14-diniensional representation of Sp(3) resp. G2 to their 
resp. subgroups SU(3); It turns out that these do not coincide. The smaUer subgroups do not 
seem to be very interesting. We conclude that G2 does not carry an SU(3) C Sp(3) structure of 
the type described before. 

Going back to the general case K = G, we are now in the situation that ( , ) is a biinvariant 
metric on G; an affine connection V is a bilinear map A : g — ^((g), with WxY = A{X)Y. 
Alternatively, it is sometimes more useful to formulate the properties of A in terms of its dual 
bilinear map A : g x g g, \(X,Y) := A{X)Y. 

Characteristic vs. canonical vs. biinvariant connections on Lie groups. We begin by 
clarifying the different notions of 'interesting' connections on compact connected Lie groups (still 
with a biinvariant metric) and their relations. 

In |L92a| . Laquer defined a biinvariant connection on a Lie group G as any (G x G)-invariant 
connection on the symmetric space G x G/ AG, as described through Wang's Theorem in [KNIIj . 
The connection defined by a bilinear map A : x g — g will be biinvariant if and only if 
[L92al Thm 6.1] 

X{Ad gX, Ad gY) = Ad gX{X,Y) MgeG. 

Alternatively, one often uses the adjoint map A : g Endg, Ax{Y) — \{X,Y), for which 
the property then reads AAdgX — AdgA^Ad^ ^; of course, A is just the map used in Wang' 
Theorem. Observe that the set of biinvariant connections forms a vector space, so uniqueness 
is to be expected at best up to a scalar, and that the notion does not depend on the metric. 
Evidently, \{X, Y) = c[X, Y] is always a biinvariant connection. 

Lemma 3.1. The following conditions for a biinvariant connection V^, on a Lie group {G,g) 
with biinvariant metric are equivalent: 

(1) Av e so(g) for any V € q, i. e. g{AvX, Y) + g{X, AyY) = 0; 

(2) is metric; 

(3) The torsion T^{X, Y, Z) ofW^ is skew symmetric, i. e. T £ A^(g). 

Proof. The equivalence of (1) and (2) is immediate (for any metric). One checks that V"** has 
torsion and curvature transformation 

T\X,Y) - \{X,Y)-X{Y,X)-[X,Y], R\X,Y) = [Ax, Ay] - A[x,y] , 

which shows the equivalence of (1) and (3) for biinvariant metrics. Observe that Av will not, 
in general, be a representation; rather, the second formula shows that this is equivalent to 
being flat. □ 

On the other hand, the canonical connection of a reductive homogeneous space M — G / K 
is, by definition, the unique connection induced from the if-principal fibre bundle G — G / K 
(alternatively: the V^-parallel tensors are exactly the G- invariant ones). A priori, it depends on 
the choice of a reductive complement tfi of 5 in g, since it has torsion T^{X,Y) — — [X,Y]m; for 
a Lie group (i.e. G = G x G, K = AG), it turns out that, unlike for naturally reductive spaces 
(cf. Section 12.21 and the comments to Thm 2.1), each choice of a complement of Ag C g © g 
induces a different canonical connection. The easiest way to see this is to construct (some of) 
them explicitely. One checks that every space {t € R) 

m* {Xt := {tX, {t - l)X) eg®g: X e g} ^ g 

defines a reductive complement of Ag. One then computes the decomposition of any commutator 
[Xt, Yt] in its Ag- and mj-part, 

[Xt,Yt] = it^[X,Y],{t-l)^[X,Y]) = {t^-t){[X,Y],[X,Y]) + {2t-l){t[X,Y],it-l)[X,Y]), 
Thus, the torsion T'^{X, Y) becomes, after identifying rrif with g in the obvious way, 
(3) T=(X,r) = -[Xt,YtU = {l-2t)[X,Y]. 
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For a biinvariant metric G A^(0) (and this is equivalent to the property that is metric); 

t = 1/2 corresponds to the Levi-Civita connection, while t = 0,1 are the flat ib-connections 
introduced by Cartan and Schouten (see [AFlOj and [RlOp . The holonomy of these connections 
is either trivial (t = 0, 1) or G (t 7^ 0. 1). The corresponding map A'^ : g x g — ^ g is X''{X,Y) = 
{l-t)[X,Y]. 

Finally, let us describe characteristic connections on Lie groups — i. e. we take M = G with 
a biinvariant metric and consider G C SO(g) through the adjoint representation. Again, we 
identify so (g) = A^g and decompose it under the action of G into the representations so (g) = g©m 
where, in general, m will not be irreducible. The crucial observation is that the intrinsic torsion T 
(Section l2.2l and [F03j ) vanishes, F = 0, because the Levi-Civita connection is a (Gx G)-invariant 
connection on G. Hence, kerG C A^(g) parameterizes the space of characteristic connections 
(recall that a characteristic connection is metric with skew torsion by construction). 
Suppose G is a compact connected Lie group. Its Lie algebra splits into g = 3®gi® . . .©gg, where 
3 is the center and the Qi are the simple ideals in g. The one-parameter family of connections 
with torsion given by ([3]) has then an obvious generalization to a g-parameter family by rescaling 
the commutator separately in all simple ideals, 

(4) T{XX) = Y.^a,[X,Y]\^^, a, gE. 

This connection is certainly biinvariant; it is also a canonical connection for the reductive space 
G X G/AG, because the complement of Ag C g ® g can be chosen with a different parameter in 
each simple ideal g^. Finally, it also lies in kcrG. 

Theorem 3.1. For a compact connected Lie group G with a biinvariant metric g, the following 
families of connections coincide: 

(1) metric biinvariant connections with skew torsion, 

(2) metric canonical connections with skew torsion of the reductive spaces G x G/AG, 

(3) characteristic connections, 

and there is exactly one family of connections with these properties, namely the one defined by 
eq. (HI). 

Proof. Consider a linear map Ot^A: gxg— >g defining a biinvariant connection. We interpret A 
as an intertwining map : g ® g — ^ g for Ad G by setting ix{X ® Y) := X{X, Y); the intertwining 
property is exactly the biinvariance condition. Hence, the interesting question is to find copies 
of g inside g (8) g. It is well-known that g ® g splits into the G-modules g g = S^q A^g, and 
that g will always be a submodule of A^g (however, there are also compact Lie groups for which 
g appears in S'^g as we will discuss later). Decompose fj, into its symmetric and antisymmetric 
part, ^ = fi" + fi'^, : S'^g g, /i° : A^g -J> g. 

1st case: /z" = 0, i. e. /i = /i" is antisymmetric. This is the generic case that one would expect, as 
it includes the family of connections that we already constructed. Since we're only interested in 
fi^ 0, its dual map /i : g — J' g C A^g = so(g) exists. The torsion of the connection defined by ^ is 
T{X, Y, Z) = 2g{^{X®Y), Z) — g{[X, Y],Z); by assumption, it is a 3- form in ker 0, and since we 
knew before that g{[X, Y],Z) e ker 9, we can conclude that g{iJ,{X (^Y), Z) G ker as well. This 
proves that any biinvariant connection is characteristic in the sense described before. One checks 
that the argument can be inverted, hence the sets of antisymmetric biinvariant connections and 
characteristic connection coincide. 

Consider now a canonical connection, i. e. the connection induced by the choice of a reductive 
complement m of Ag C g ® g. It is tedious to describe all possible spaces m; happily it turns 
out not be necessary (as a remark, we note that different complements will not necessarily 
induce different connections, for example, the embedding of the center has no influence on the 
connection). Whatever m, the torsion T^{X,Y) = —[X,Y]jn of its canonical connection is an 
Ad G-equivariant antisymmetric map A^g — > g and hence defines a biinvariant connection with 
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/i'' = 0. It is a priori not clear whether one can find to any biinvariant connection satisfying 
/i" = a reductive complement m such that it coincides with its canonical connection, but we 
will not need this. 

2nd case: fi" =/= 0. We wish to exclude this case. Unfortunately, we have to apply a 'brute 
force' argument. Recall that we showed that the connections (2) and (3) are (special) biinvariant 
connections; hence it suffices to prove that a metric biinvariant connection with skew torsion has 
necessarily /i" = 0. We will use the classification of biinvariant connections of compact Lie groups 
given by Laquer. In jL92a[ Table I], he decomposed the G-representations S^g and A^g for all 
compact simple Lie groups. He confirmed that g appears with multiplicity one in A^g C g (8) g 
for all of them, but furthermore, he obtained the surprising result that g does not occur in S'^g 
for all of them - except for G — SU(?t.), n > 3 (which includes S0(6), since so(6) = su(4)). 
The Lie group G — SU(n) has a copy of su(n) in S^q as well, corresponding to a symmetric 
Ad SU(n)-equivariant map f] : su{n) x su{n) su{n) given by }L92a| p. 550] 



A biinvariant metric on G = SU(n) is necessarily a multiple of the negative of the Killing form, 
hence we can take g{X,Y) — —2ntT{XY). An elementary computation shows that, for general 
X,Y, Z E su(ri), the quantity g{ri{X, Y), Z)+g{ri{X, Z), Y) ^ 0, hence the biinvariant connection 
defined by r\ is not metric and thus not of relevance for us. In fact, Laquer himself extended his 
result to arbitrary compact Lie groups |L92a[ Thm 10.1]. The result is similar, if slightly more 
involved. Besides SU(n), only U(n) admits symmetric maps 77 : u(n) x u{n) — >■ u(n); they span 
a 3-dimensional space for n — 2 and a 4-dimensional space for n > 3, and there is an additional 
antisymmetric map (besides the obvious one [X, Y]), namely v{X, Y) = i{XtrY — YtrX). Using 
that a biinvariant metric on U(n) is just any positive definite extension to the center of the metric 
of SU(n), one checks that none of them yields a metric connection. 

All in all, only connections corresponding to the embedding of g inside A^g are candidates for all 
three types of connections, and these are of course the ones described by eq. ([4]). This finishes 
the proof. 

Although not necessary, we give an alternative proof of the claim for g semisimple (assuming 
that one already established that the connections (1) and (3) coincide and that they include the 
connections (2)) — it has the charm that it does not need the classification results of Laquer. 
However, we were not able to extend it to the compact case without using the classification, so 
it does not improve the situation much. 

We begin with the case that G is simple, hence the adjoint representation is irreducible. As 
explained in the proof of Theorem 12.11 any T G ker Q defines then an irreducible skew holonomy 
system {V = q,6,G), and for dimensional reasons, G 7^ SO(g), so the system is non-transitive. 
By [0R12[ Thm 2.4], an irreducible non-transitive skew holonomy system is symmetric, and the 
map : g — >■ g C so(g) = A^(g) is unique up to a scalar multiple |0R12[ Prop. 2.5] — namely, 
it is given by e{X) = [X, -] e A'^{q), and 6'(X) ^ XJT. We conclude that for G simple, the 
space of characteristic connections is indeed given by ([3]). By the splitting theorem (see jAF04[ 
Section 4] or [0R12[ Lemma 2.2]), the conclusion still holds for G semisimple. □ 

Remark 3.2. The three rank two symmetric spaces SU(3)/SO(3), SU(6)/Sp(3), and Ee/Ei 
have a remarkable connection property very similar to the one described for the Lie groups 
SU(n), U(n) in the proof above, again due to Laquer. In jL92b| . it was observed that the 
symmetric spaces SU(n)/SO(n), SU(2n)/Sp(n), and Eq/E^ admit invariant affine connections 
that are not induced from the commutator. However, a closer inspection of the three symmetric 
spaces yields that these connections are not metric with skew-symmetric torsion, and hence do 
not yield further candidates for a characteristic connection, in agreement with the uniqueness 
statement from Theorem l2.1l We were not able to relate the existence of these 'exotic' connections 
to the characteristic connection or any other deeper geometric property of geometries modeled 



(5) 



riiXX) 



ia XY + YX - -tT{XY) • / , a e M. 



n 
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on rank 2 symmetric spaces; but it may be worth mentioning that their existence is hnked to 
the existence of a Jordan product. 

4. The geometry of some homogeneous Sp(3) structures 

Since there are no Lie groups carrying any reasonable Sp(3) structure, it is natural to ask for 
homogeneous spaces with such a structure. This section is devoted to the explicit construc- 
tion of some 14-dimensional homogeneous spaces carrying Sp(3)-structures and their geometric 
properties. 

We choose a reductive complement m of sp(3) inside su(6), su(6) = m © sp(3); an explicit 
realization as well as a description of the 14-dimensional isotropy representation p(sp(3)) C 
so(Tn) = so(14) of Sp(3) is being given in Appendix |Al The notation will be as follows: The 
homogeneous spaces will be realized as quotients Mi = Ki/ Hi for a running index ?, yielding at 
Lie algebra level the reductive decompositions 

^ m^ ® [). ^ [K] I J = 1..14) ® [H] I J = l..n). 

Again, the explicit elements ifj and will be listed in the Appendix for each example. We will 
show that we can identify the subspaces m = tUi inducing Qi{\)i) C ^)(sp(3)) and, consequently, 
the Hi structure is a reduction of an Sp{3) structure. 

4.1. The higher dimensional AlofF Wallach manifold SU(4)/SO(2). We embed Hi = 
S0(2) in the Lie group Ki = SU(4) as 



50(2) 9 



cos t sin t 
— sin t cos t 



diag(e-'*,e-'*,e'*,e'*) G SU(4). 



The action of f)i = so (2) on the 14-dimensional Sp(3)-representation V^"^ splits into four 2- 
dimensional representations and six trivial ones. For an invariant metric, we choose multiples of 
the Killing form on the invariant spaces parameterized by coefficients a, 02, . . . > 0, 

^"'■■'T = dia.g{a, a, a2,a2,a3., as, a4,,a4,a5,ae,a7, as, 13, j) 

with respect to the orthonormal basis Kl, . . . , Kl^ of m2 described in Appendix lA.ll The justi- 
fication for this choice of notation stems from the following result. 

Theorem 4.1. Consider the manifold Mi = SU(4)/SO(2) equipped with the metric g"''--''^. For 
any parameters a,ai, /3,"f > 0, it carries an 98-dimensional space of invariant Sp{S)- connections, 
and for a = a-i = .. = a^, the Sp{3) structure admits a characteristic connection with torsion 
(z A^(Mi). These Sp{3) structures with characteristic connection have the following prop- 
erties: 

(1) The characteristic connection has alwas parallel torsion, y"/37y"/57 — q 

(2) The structure is of mixed type, T^^t ^ V for i = 21, 70, 84, 189. 

(3) The structure is never integrable, i. e. there are no parameters a, /3, 7 > with vanishing 
torsion. 

(4) For the characteristic connection V"^''', the Lie algebra of the holonomy group is a sub- 
algebra of the maximal torus o/sp(3) and it is 

• one- dimensional if j3 = a = ^ , 

• two-dimensional if (P = a and ^ ^ a) or (j3 ^ a and ^ — a), 

• three-dimensional if (3 ^ a ^ ^. 

Proof. In Appendix lA.il we construct a decomposition of the relevant Lie algebras. By a theorem 
of Wang |KNIj . invariant metric connections V"' "'''' are in bijective correspondence with linear 
maps Amj : mi — > so(mi) that are equivariant under the isotropy representation qi, 

K,,{Qi{h)X) - gi{h)K^,{X)Qi{h)-^ yheS0{2), X emi. 
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A connection is an Sp{3) connection if the image of Ami is inside sp(3), Ami • "^i ^ sp(3). One 
calculates all such maps Arm- They are given by the two following conditions 

• Ami maps the space {Kf \ i = 9. .14) into the space {g{Ai) \ i = 1..10,21). This part of 
Ami depends on 66 parameters. 

• Ami maps the space {Kl \ i = 1..8) into the space {g{Ai) \ i = 11. .18). The corresponding 
(8 X 8) matrix depends on 32 parameters a^, i — 1..32, via the formulas 



^9,10 
^17,18 
^25,26 



M3.4 
^j27,28 



M13.14 
j\,f 21,22 
^^29,30 

Since the torsion of the connection defined by Am is given by [KNI) X.2.3] 

(6) T(x,y)o = Am(A)y-Am(y)A-[A,y]m, X,Yem 

we can calculate that the torsion T"'- 'T e A3(SU(4)/SO(2)) if and only if a = ^2 



^^1546 
^^23,24 
^31,32 



as 



and 



V2(a-/3) 1 V2(a-7) , 

-Q{Ag), AjnAKii) = — Q{Aio), 



as well as km^iKl) — for i ^ 13, 14. A closer look at the torsion shows that it never vanishes. 
For the invariant torsion tensor and A, F, F e m we have 

(7) {VvT)o{X, Y) = A{V)T{X, Y)^ - T(A(T/)A, Y)o - T(A, A{V)Y)o 

and derive that VT"^'' = for aU a,/3,7 > 0. For 7^^,^ e A^{V^^) and s = 1..21 the standard 
representation ly of Sp{3) on A^{V^'^) is given by: 

I 

We calculate the corresponding Casimir operator C — J^iLi '^{Ai)'^ of this representation, which 
commutes with z^(Ai) for i = 1..21. Therefore C is given as a multiple of the identity on the 
irreducible components sp(3), F™, V^"^ and V^^^. Its eigenvalues are —8, —12, —18 and —16. 
Applying the operator C to the torsion, for any eigenvalue we obtain a system of equations 
without solutions. 

As stated in Corollary 4.2, Chapter 10 of [KNIIj . the Lie algebra of the holonomy group is given 

by 

(8) nvL + [Ami(mi),nvL] + [A™i(mi), [Ami (mi), m^]] + • ■ • 
where mi is spanned by all elements 

(9) [Ami(A),Ami(r)] - Ami(projmi([A,y])) -f?i([A,r]). 

for X,Y £ mi. With — (£i(A9), q{Axq), £1(^21)) being the maximal torus in sp(3) C so(m) = 
so(mi) we have Ami (mi) = ((" - P)e{A<j),{a - ^)q{Ayq)) C T^. Thus the first term in dH) 
vanishes and with gi(mi) — {q{A2\)) one easily gets 

nTi = (£'(^21), (a - ^)q{A>^), {a - 7)£'(Aio)). 

With Ami (mi) C T'^ and rrii C T'^ all except the first term of (|H]) vanish and wc get the algebra 
of the holonomy group equal to rrii . □ 

Lemma 4.1 (Curvature properties). For any characteristic connection V"'''*', the Ricci tensor 
in the constructed basis is given by (a := 2a — ^ , b := 2a — /3 , c := 2a — P — ^ ) 



diag(a, a, a, a, b, b, b, b, c, c, c, c, 0, 0). 
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Thus the scalar curvature is given by 

The Riemannian Ricci tensor is for a :— 6a ~ j , b :— 6a — P and c :— 6a — /3 ~ j given by 
Ric^ — ■— r-diag(a, a, a, a, 6, &, 6, &, c, c, c, c, 4/3, 47) 

with scalar curvature 

ScaF = 

In particular, such a manifold is never W"^^ -Einstein nor Einstein in the Riemannian sense. 

Proof. We calculate the Ricci tensor Ric for the characteristic connection in the constructed 
basis. Since Ric^ is symmetric, with [IPOlj we get the identity 

(10) Ric»(x,y) = Ric^°''^(x,y) + -^g"'^''(T"''^(x,i^i),r"^''(r,i^i)) 

i=l 

and calculate the Ricci tensor for the Levi Civita connection Ric^. □ 

4.2. The homogeneous space U(4)/SO(2) X SO(2). 

We parametrize H2 ■= S0(2) x S0(2) by a pair of real numbers {ti,t2) 



cosii sinti 
— sinti cosii 



cost2 sint2 
— sin t2 cos t2 



e S0(2) X S0(2) =: H2 



and embed the Lie group H2 in U(4) =: K2 by: 
H2^K2, (ii,i2) ^ diag(e^(*i-*^ 



^ g§(tl+t2)^ (-tl+t2)^ gi(-tl-t2) 
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The action of t)2 — so(2) © so(2) splits the irreducible 14-dimensional Sp(3)-representation V 
in six 2-dimensional representations and two trivial ones. We choose an invariant metric 

ga.--.-f ^ diag(a, a, 02, q;2, "a, ^3, "4, 0:4, as, as, ae, ae, 13, 7) 

with an orthonormal basis Kf , . . . , Kf^ of mi as done in Appendix IA.21 

Theorem 4.2. Consider the manifold A/2 — U(4)/SO(2) x S0(2) equipped with the metric 
g°''--'f. For general parameters a,ai,/3,^ > 0, it carries a 50 -dimensional space of invariant 
Sp{3) connections, and for a — a2 = ■. = ag, the Sp{3) structure admits a characteristic 
connection with torsion T°'^'^ £ A'^(A/2). These Sp{3) structures with characteristic connection 
have the following properties: 

(1) The characteristic connection has alwas parallel torsion, \/°'0iF'^M = Q. 

(2) The structure is never integrable. 

(3) The structure is of mixed type. 

(4) The Lie algebra of the holonomy group of the characteristic connection is a subalgebra of 
the maximal torus o/sp(3) and it is 

• two-dimensional, if a ^ ^ and 

• three-dimensional, ifa^^. 

Proof. We calculate all invariant Sp(3)-connections via their corresponding equivariant maps 
Am2 '■ ^2 sp(3) and get all connections via maps A^a satisfying the following 5 conditions 
with parameters a^, i — 1, . . . , 20 
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• maps the space {Kf \ i = 1,2) into the space | i = 11,12) and the corre- 

sponding matrix has the form 



A 



m2\{Kf I 1=1,2) 



maps the space {Kf \ i - 
sponding matrix has the form 

A 



oi -a2 
3,4) into the space {g{Ai 



13, 14) and the corre- 



m2\{Kf I 1=3,4) 



03 -04 

04 03 



• Ama maps the space {Kf \ i — 5. .8) into the space {g{Ai) \ i = 15. .18) and the corre- 
sponding matrix has the form 



A 



m2\{Kf I 1=5. .8) 



05 


-06 


07 


-as 


Og 


05 


as 


07 


Og 


-flio 


ail 


-ai2 




Og 


ail 


ai2 



Am2 maps the space {Kf 
ing matrix has the form 



9. .12) into the space {g{Ai) \ i — 1..4) and the correspond- 



A- 



ai3 


-Oi4 






014 


0-13 


0-16 


ai5 


-Oi7 




ai9 


-0-20 


ais 


Oi7 


020 


ai9 



m2\{Kf I 1=9.. 12) 



• Am2 maps the space {Kf | z = 13, 14) into the space {g{Ai) \ i — 5,7,9, 10, 21). This part 
depends on 10 parameters, other than o^, i = 1..20. 

With equation ^ we compute the torsion tensor, which is skew symmetric if and only if a = 
a2 = ■ ■ ■ = cxe and 

\/2(a - (3) 



Am.(i^?3) 



-61(^9) and Am2iKf) = for i ^ 13. 



For such connections the torsion never vanishes. Again we compute that the torsion is 

parallel for all such connections and that none of the torsion tensors lies in any eigenspace of the 
Casimir operator. 

With the formulas ([5]) and ^ we get for the maximal torus in 5p(3) that Am2(Tri2) = ((a — 
P)g{Ag)) C T^. Thus the first term in © again vanishes and with £»2(tTi2) = {g{Aio) , g{A2i)) 
one easily gets 

m2 = {g{A2i), {a - l3)g{Ao), giBw)) 
and again we get the Lie algebra of the holonomy group being m2. □ 

Lemma 4.2 (Curvature properties). On M2, the Ricci tensor for the characteristic connection 
is given by (a :~ 2a — (3 ) 

Ric^ = ^diag(2a, 2a, 2a, 2a, a, a, a, a, a, a, a, a, 0, 0) 
a'^ 



Sp(3) STRUCTURES 



15 



with scalar curvature 

The Riemannian Ricci tensor for the Levi Civita is for a := 6a — /3 given by 
Ric^ = -— rdiag(6Q;, 6a, 6a, 6a, a, a, a, a, a, a, a, a, 4/3, 0) 

and 

Scal^ . ^(1^. 

Thus this space is never V"^^ -Einstein nor Einstein for the Levi Civita connection. 

Proof. The proof follows immediately from the identity ([TU|) . □ 

We will now have a look at invariant spinors on M2 . Since M2 carries a unique homogeneous spin 
structure (see Remark 12. 3|) . we can lift the characteristic connection V"^''' to the spin bundle. 
To use the map for calculations, we look at elements V' € ^14 that are invariant under the 
lifted action of S0(2) x S0(2) defining global spinors via the constant map U(4) — ^ A14, 5 1— -0. 
We get a 16-dimensional space of such invariant spinors. 

The Dirac operator we will look at is the Dirac operator^ of the connection with torsion T"^^ /3. 
With the lifted map we easily compute for an invariant spinor ip 

(11) pi^ = J2^m{K!)i;--T"P^-^, 

4=1 

where the torsion T"^^ is considered as a 3-form and acts on a spinor via Clifford multiplication. 
Since the dimension 14 is even, the spinor bundle splits in two bundles being invariant under the 
Spin(n) action and we calculate 

Lemma 4.3. The lift of the action of SO {2) x S0(2) on the 128 -dimensional space A14 admits 
a 16-dimensional space of invariant spinors. The Dirac operator p has the two eigenvalues 

±y^^^^ on this space. 

As it is just a scaling of the metric, we can fix one parameter of the metric and hence choose 
a = 1. We look at the estimates for the first eigenvalue A of the Dirac operator valid for a 
connection with parallel torsion. From the results of jAF04| , it follows that 

(12) a2 > iscaF + i||r"'^T||2- 

- A 8 4 

whereas the twistorial eigenvalue estimate derived in |ABBK12] states that 

(13) > -i^Scal^ + ^^^I|T"^1P + '4^,^, 
^ ' -4(14-1) 8(14-3)2" " 4(14-3)2^' 

where fj, is the largest eigenvalue of the operator T"'^^. Typically, it depends on the underly- 
ing geometry which of the inequalities is better (see |ABBK12] for a detailed discussion). We 
calculate the operator T"^^ for the orthonormal basis Kf, i = 1, . . . , 14 of m for any u G m as 

T'^^''v= T-^^KlKlKl)Kf-KlKlv. 
This yields the eigenvalues /i — ±2^/4 + (3 of T"^~' on the space of invariant spinors and with 

14 

||j.a/37||2^ T°^P-<(Kj,K^,Klf =8 + 'ip 

i j\fe=l 

and Lemma W?^ we obtain: The estimate ([T^ is equal to the square of the eigenvalue computed 
in Lemma 14.31 if (3 = 1, and indeed in this case one checks that all invariant spinors are parallel. 
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The estimate (|13p is always strict, hence there does not exist a metric for which an invariant 
spinor becomes a twistor spinor with torsion. The twistorial estimate is stronger then the first 
one if ;3 < iff. 

The manifold Mi considered in Section 14.11 carries a 48-dimensional spaces of invariant spinors 
and the computer was not able to compute the eigenvalues of the corresponding Dirac operator. 

4.3. The homogeneous space U(4) X U(l)/SO(2) X SO(2) X SO(2). 

In this example, we shall parametrize the Lie group := S0(2) x S0(2) x S0(2) as 

(costi sinii 
— sin ti cos ti 

and embed it into K3 = U(4) x U(l) by 

(ti, ^2, is) ^ (diag (e*(*i+*^-*^\ e^(*i-*^+*3), e^(-*^+*=+*^), e*(-*^-*^-*^)) , l) . 

The action of f)3 = 5o(2) ® so(2) ©so(2) splits V^'^ in the same irreducible representations as the 
representation of [)2 = so(2) 0so(2), so we can choose the same Ansatz for the metric 

g"'"''^ = diag(Q;, a, 02,02, a^, a^, 04, 04, a^, as, ag, "6, /3, 7) 

with an orthonormal basis {Kf \ i — 1..14} of ma as described in Appendix IA.3I 

Theorem 4.3. Consider the manifold M3 = U(4)xU(l)/SO(2)xSO(2)xSO(2) equipped with the 
metric g"'"'''. For any parameters a, a^, /3, 7 > 0, it carries an 1%- dimensional space of invariant 
Sp{3)- connections, and for a — a2 = ■■ = ag, the Sp{3) structure admits a characteristic 
connection with torsion T°'Pi g A^(A/3). These Sp{3) structures with characteristic connection 
have the following properties: 

(1) The characteristic connection has alwas parallel torsion, y"^7 _ coincides 
with the canonical connection. 

(2) The structure is never integrable. 

(3) The structure is of mixed type. 

(4) The Lie algebra of the holonomy group of the characteristic connection is the maximal 
torus in Sp(3). 

Proof. We get all possible Sp(3) connections via equivariant maps ■ sp(3) with 

parameters a^, i = 1..12 and the conditions 

• for pairs {i,j) £ {(1, 11), (3, 13), (5, 17), (7, 15), (9, 1), (11, 3)} we have 

AmjKf) = aig{A.j) + a.i+ig{Aj+i) and Am^iKf) = -a^+ig{Aj) + aig{A.j+i), 

• Am3 maps the space {Kf \ i — 13,14) into the space {g{Ai) \ i — 9,10,21), which is 
dependent on 6 parameters. 

We again get a skew symmetric torsion if and only ii a ~ a2 = .. = with the only possible 
invariant Sp(3) connection being the canonical connection defined by A^a = 0. For this connec- 
tions V"^''' the torsion never vanishes. Again we compute that the torsion is parallel for all such 
connections and that none of the torsion tensors lie in any eigenspace of the Casimir operator. 

Since A,„3 = we get the Lie algebra of the holonomy group via the formulas dS]) and © being 
equal to 

Q3{projt,.,){[m3,m3]) = ga^js) 
and thus being the maximal torus in sp(3) (see Appendix IA.3p . □ 



cos t2 sin t2 
— sin t2 cos t2 



cos sin t^ 
— sin ts cos ta 



e S0(2) X S0(2) X S0(2), 
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Lemma 4.4 (Curvature properties). The Ricci tensor for the characteristic connection is given 
by 

Ric^""'' = -diag(l, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0) 
a 

and its scalar curvature is Scal^ = — . 

a ^ 

The Riemannian Ricci tensor for the Levi Civita is given by Ric^ = | Ric"^ . Thus the Rie- 
mannian scalar curvature is ScaF = and the space is never W^^"' -Einstein nor Riemannian 
Einstein. 

The action of S0(2) x S0(2) x S0(2) lifted in A14 has no trivial parts and thus there are no 
invariant spinors. Hence it is not possible to make any statements on the spectrum of the Dirac 
operator. 

Remark 4.1. In the first 3 examples, we constructed Sp(3) spaces via embeddings of Ki in the 
maximal torus T^ of SU(4). Since QsiT^) C Sp(3), one can choose any embedding of Ki into T^ 
to get a Sp(3) manifold Ki/Hi. For those examples there are different possible identifications 
TUi = m giving different identifications SO(mi) = SO(m) D Sp(3), such that pi{SO{2y) C Sp(3). 
Those induce different Sp(3) structures on the given manifolds, but their geometry is just the 
same. 

4.4. The homogeneous space SU(5)/Sp(2). 

We restrict Ai, i = 1..10 to the lower 5 x 5-matrix and get the Lie algebra of H4 — Sp(2) in 
{4 = su(5). In |K96j . it was shown that with this embedding SU(5) C SU(6), the Lie group 
K4 = SU(5) already acts transitively on SU(6)/Sp(3) with isotropy group H4 — Sp(2). As a 
manifold, SU(6)/Sp(3) is hence diffeomorphic to SU(5)/Sp(2), but the homogeneous structure is 
a different one. The adjoint representation of Sp(2) = H4 on this space is just a restriction 
of the action of Sp(2) C Sp(3) on 014 (see Appendix IA.4I) and we get an Sp(3) structure on 
SU(5)/Sp(2). The representation g4 splits m4 = A5 ® as shown in Theorem I A . 1 1 and we 
get an 3-dimensional family of invariant metrics using multiples a, /3, 7 > of the negative of the 
Killing form on each component, 

g'^P'f = diag(a, a, a, a, a, a, a, a, (3, (3, (3, (3, (3, 7). 

Theorem 4.4. Consider the manifold M4 — SU(5)/Sp(2) equipped with the metric g"^^ . For 
any parameters a, f3,"f > 0, it carries an 1 -dimensional space of invariant Sp{i) connections, and 
to each of these metrics corresponds exactly one characteristic connection with torsion T"^^ S 
/^s^yiiy These Sp{3) structures with characteristic connection have the following properties: 

(1) The characteristic connection satisfies V"/37 — Q if and only if either 

• 13 ^ a or 

9 (3 ^ 2a and 7 — fa. 

(2) The structure is 

• integrable if f3 — 2a and 7 = |a, 

. of type sp{3) */ a = ^(^15^ - /?), 

• of type i/ a = -^(9/? - ^15^). 

(3) The Lie algebra of the holonomy group of the characteristic connection is given by 

. sp(3) ifa^p, 

• 5p{2)®W^ if ^ ^ a = P, where is the one- dimensional subspace in the maximal 
torus T^ o/sp(3) such that T^ C sp(2) © and 

• sp(2) ifa = l3^-i. 

Remark 4.2. In case of an integrable structure, T"^''' = 0, SU(5)/Sp(2) locally isometric to a 
symmetric space, as mentioned before |N08) . 
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Proof. Again we look at linear maps Am^ : m4 — > sp(3) that are equivariant under the represen- 
tation g4,. 

One calculates that this is the case if and only if Am4 fulfills the following conditions 

• Am4 is identically zero on p^. 

• An,4 maps into the space {g{Ai) \ i — 19. .21). This gives 3 parameters. 

• An,4 maps As into the space {g{Ai) \ i — 11.. 18) and the corresponding matrix is for 
a, 6, c, d G M given by 



A 



m4 I As 



b 


—a 


-d 


c 


a 


b 


c 


d 


d 


— c 


b 


—a 


— c 


~d 


a 


b 



d 


— c 


b 


—a 


— c 


-d 


a 


b 


b 


—a 




c 


a 


b 


c 


d 




1 * 


= 1. 


.10) 



Since sp(2) = {g{A,) \ i = 1..10) and 
connection is the canonical connection. 
With ©, we calculate the torsion. The condition T"'^'>' e A3(SU(5)/Sp(2)) for the torsion tensor 
implies a — c ~ d 



0, 6 = ^ and 



ieiA^^)) 



is given by the multiplication with the constant a^/pj 
Again with equation ([7]) we derive that V"^tT"'^t = if and only if either (/3 = a) or (/3 = 2a 
and 7 = |a). One computes that T"'^'' = iff /3 = 2a and 7 = |q;. With the above calculated 



Casimir operator C we get 



and 



1 



C(T"''^) = -IGT"^"^ ^a= —(9/3 - VWt)- 



With equations ([8|), ([9]) and an appropriate computer algebra program one computes that the 
Lie algebra of the holonomy group is given by sp(3) if a 7^ /3 and by sp(2) {{a — j)B2i) if 
a = 13. □ 

We calculate the Ricci tensor for the characteristic connection and the Levi Civita connection 
from equation pUj) . 



Lemma 4.5 (Curvature properties). The Ricci tensor for the characteristic connection is for 



^ 27T5ff^-ll/ii-57 I 21 _ 4 



I3a 



c 2(/? - a)(^ + ^ _ ^) 6^; 



Ric^ = diag(a, a, a, a, a, a, a, a, b, b, b, b, b, c). 
The Riemannian Ricci tensor is for a := 10a — |/3 — §7 and b = ^° equal to 



Ric® = — ^diag(a, a, a, a, a, a, a, a, b, b, b, b, b, 67). 
2a^ 



Sp(3) STRUCTURES 19 

Its scalar curvature is ScaF = 5(i6aff-ff7--ff +8a ) ^ j^fmg^ ffi^g space is a Riemannian Einstein 
space if \/2ol ~ f3 ^ and in this case we have 

We lift the representation of Sp(2) in S0(14) to Spin(14) and with the formula (|lip we calculate 

Lemma 4.6. A14 has a A- dimensional space of Sp(2) invariant spinors and the Dirac operator 
p has eigenvalues 



1 / ha^P + 3a^7 - 6q/37 + 2a^/[Ep^{(3 - a) + 28/3^ j 
2\ • 

As in Section l4?2l we restrict the general case, ignoring the possible scaling, to the case a — 1. To 
look at the inequalities (IT2]) and (fT3|) we need the torsion to be parallel. From the two possible 
cases mentioned in Theorem 14. 4| only the first is of interest, since the torsion vanishes in the 
second and Friedrich's Riemannian estimate from 1980 applies. 

So, assume that (3 — a = 1. The operator T°'^^ has eigenvalues /i = ±-^25 + 57 and its norm 
is given by ||T"^'''|p = 5 + 57. Thus we obtain that the estimate (IT51) is always strict, and the 
estimate (I12p becomes an equality for ^ — j3 = a — 1. As expected, all invariant spinors are 
parallel for 7 = /3 — a = 1. The inequality (fT3| is better than the inequality (fT2|) if 7 < 

Appendix A. Explicit realizations of representations & other geometric data 

Let {e"}i=i..„ be the standard basis of R", Ef j e su(n) the matrix given by the linear map 
e" — e", e" 1-^ e" and 5*"^- given by 1-^ e", e" 1-^ e". We used throughout the following 
basis Ai, . . . , A21 of the Lie algebra of Sp(3) C SU(6), 

^1 := 2^^^''^ ^ ^tfi)^ ^2 2^*^2,3 ~ ^tfi)^ ^3 := 2 '•'^2,6 + -^3,5)' ^4 := 2^^2,6 + '^'l.s)' 



i I i I 

^14 := 2('^i.6 + •5'3,4)' ^15 2*'^i.5 ^2,4): ^16 2'-'^i^5 + '^'2,4)' ^17 2 ^^^1^2 + ^4,5): 

^18 2'^'^i:2 ~ '^'4,5)) ^19'^— ^Ef^, A20 := -^S'f_4, A21 -.^ --j={Sf^i ~ Sf^^^). 

Hence, we get a basis of m, bu(6) = m ® sp(3) as 



Bi ■= 2^Ef ;^ - Ef g), B2 := 


-2iSU- 


f S'l g), B3 := 




-Eld, 


:= 2^^1,6 ~ -^m)) -85 := 


liEl2^ 


~ ^4,5)' ^6 := 




t" '^'4,5)' 


B7 ■= 2^Ef ,^ - E^4^), Bs ;= 


'2iSU- 


" '^'2,4) J Bi) :— 


2(^1,3- 




Bio 2 '■'^^'^ ^ '^'l.e)' ^11 •= 


2(^2% 


~ ^3,5): ^12 


= 2 (-^2% 


~sy 


Bi3 := 2*''^2,2 - 'S'3,3 + ^5,5 - ^te)' ■ 


2V3^ 


—2Si i + 5*2 2 ' 


^ ^3,3 ~ 




The isotropy representation of sp(3) on m ? 


= is 


thus 







q{Ai) - -2^i!5~2^2!6~2'^"7~2^4!8: ~^i"i3' £'(^2) - 2^1%- 2E2%~' 2^3%+ 2^4 j+E^^ 
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9-C'l,7+ 9-^2,8- 9-^3,5- 9-'^4,6--^12,13> Q[^4.) — 9-C'l,8- 9-'^2,7+ 9-^8,6- 9-'^4,5+-^ll, 13 



V3 



V3 



'5,7" 



10,12) 



V^^14 , V^i:nl4 , V^i:,14 , ^.14 

^-^10,12 



"^-'^5,8" "^-^^6,7 + "^ ■'^9,12 + -^ -^^10,1 



„f A \_'^I7'14 i?14 I 7T'14 ■^I7'14 

- -ir^lA ^-^^2,3 + -^ -£^9,12- ^-£^10,11 



x^l4 irl4 14 



'5,6" 



7,8" 



73 



'9,10 



11,12! 



£•(^10) 
1 



2 ^■'^ 2 



1,2 



^^3^r4+ 



2 



9,10 



E- 



14 

11,12 



1 



1 



q{Aii) = -2-^2,'i3 + -^^2% - 2^5% + 2^6% - 2-^7,n - 2^s.% 



g{Ai2) 
siAis) 



1 pl4 ^^14 

2^1,13 - —^1,1. 



1 



14 



-^EI^o + -^-EijA - -Ek^-t + -E^'\o + -Ei% + -E, 



^4,13 



t14 



^^5,10 
1 -7^14 



1 



:E' 



^ pl4 ^ pi 



14 



2-7,12 
1 



V3 



■^4,14 2 '"^^ 
1 



6,12 



14 



1 



^7,9 



il4 
^8,10 



1 



£•(^14) = 9-E'3,13 :r^3,14 - 9-^5,12 - 9^6,11 - 9^7,10 + 9-^i 



^(^15) = - Ie 



2-5,12 2' 
2,12 ~ 2'^^''^ 2"^^'"^° 



^8,9 



^(^16) = +-El%, + -El%^ 



J. ^ I pl4 

+ 2%,13 + 'Y ' 



'8,14 
14 



- pl4 1 pl4 1 pl4 pi. 

;-'^3,io ~ 2 ~ 2 '"^^ 2~ '"^^ 
£•(^17) = -^2^1% "^ 2^^^-^° 2"^^-^" 2^^"^^ 2^^^'*^ ^ T""^"^^ 



'7'14 I ■'■ i?14 l C1I4 _L Z?14 



£•(^18) = -9-E'l,10 + 9-^2,9 - 9-^3,12 + 9-2^4 



2 ^'^ 2 

V3 14 _ V3 j^i4 

2 2 



1 77,14 14 
--'^5,13 



2 

£»(Ai9) = 3 - ^E2% + ^-£^5,7 - -V-^6,8 



5,14 



A/3pl4 

2 



n( A ^ — -L , 14 \/3 14 \/3 14 

£•(^20) - +- ^^-1,4 + -^-C'2,3 + -Tr^5,8 + "^^6,7 



£-(^21) = - 



E- 



2 

73 



2 2 
A.l. 5[/(4)/SO(2). 

Looking at the given embedding, wc define 



E. 



2 
%/3 



'3,4 



2 

73 



'5,6 



E. 



K\:- 



1 



-^1,3' -^2 : = 



/2^ 



2,3' 



2a 



o4 

•^1,3' 



^3^ 



1 



/2^ 



04 7>-l — 



/2a2 

1 

v/2al 



'7,8 



Kl-r- 



2,4' 



_J c4 

•^1,4: 



/2a4 



1 



/2^ 



1,2) 



^io: 



/2CK6 



£^4 

'-'1,2) 



/2ar 



■3,4) 



^1^2 := 



/2^ 



o4 

•^3,4) 



and 



-^13 2y^^'^l'l ~ '^2,2 + ^^3,3 ~ '^4,4)) -^14 •— 2^^(~'^1,1 "^2,2 + ^^3,3 ~ ^^4,4) 

~ 2^'^M '^2,2 ~ 'S'3,3 ~ 'S'4,4)- 

1..14}). We get the representation of 



We have 5u(4) = 5o(2) mi = span{{H^} U {Kj \ i 
SO (2) as 

Qi{H^)Kl = Kl^„ gi{H^)Kl^, = -K] for z = 1,3,5,7 

and 

Qx{H^)Kl = for i = 9.. 14. 
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This gives an identification mi m, Kl n- Bi inducing an inclusion S0(2) C Sp(3) C SO(m) 
because of q\{H^) = ^/2q{A2i), and therefore defines an Sp(3) structure on SU(4)/SO(2). We 
compute the torsion and get in the basis we just defined 

1 , 

(616569 - 6165610 + 6167611 + 6163612 + 6265610 + 626069 - 6267612 + 6263611 



^/2a 

— 6365611 + 6360612 - 636769 - 6363610 - 6465612 - 6460611 + 6467610 - 646369) 

+ —(6560613 - 6763613 - 69610613 - 611612613) + —(6162614 - 6364614 + 69610614 - 611612614). 
a a 

Remark A.l. This is not the only possible inclusion S0(2) C Sp(3). We get other identifications 
mi = m inducing other Sp(3) structures. 

A.2. U(4)/SO(2) X SO(2). 

We define a basis using almost the same matrices as above but taking other normalizers 

^\ ~ /77--^l,3' -^2 •= fK-^\fi-> '■— n\ -^2,4) -^4 •= "^2,45 



and 



^''■^^s^^'" ^^'^^vfe'^''" ^'^^7^1^'" ^''-^vi^/''" 

^^'^=7^^''" ^'°'-^vh^''" ^'''-^v^e^^'" ^'^^^vfe^''" 

-^13 •= 2yA^'-'^M ~ "^2,2 + '^'3,3 ~ 'S'4,4)) -^14 •= 2^^^*'^ ~^ "^^'^ ^^'^ ^4,4) 



t 1 
tt2 I q4 _i_ c4, q4 c4 \ tt2 " / q4 _i_ c4 i 04 04 \ 

■"1 •— 2^ I'l 2,2 ~ "^3,3 ~ "^4,4^ -"2 •— 1,1 2,2 "^3,3 ~ "^4,4^ 



getting u(4) = so(2) ® so(2) ® m2 = span{{Hl, H^} U {Kf \ i = 1..14}). The representation of 
S0(2) X S0(2) is given by 

g2{Hf)Kf = Kf^,, g2{Hf)Kf^, = -Kf for i = l,3, 5, 7, Q2{H^)KI = for i = 9..14, 

and 

Q2{Hl)Kf = ~Kl,, g2{H^)Kl, = for i^l,9, 
Q2{Hl)Kl = Kf^„ Q2{Hl)Kf^, = -Kf for i = 3, 11, 

Q2iH^)Kf = for i = 5.. 8, 13, 14. 

We choose the identification m2 — >■ m, Kf i-^ Bi inducing a inclusion S0(2) x S0(2) c Sp(3) C 
SO(m) because of Q2{Hf) = V2g{A2i) and g2{H2) — ^/2g{AiQ), therefore defining a Sp(3) 
structure on SU(4)/(SO(2) x S0(2)). In this basis we can compute the torsion and get 

T = —={616569 - 6160610 + 6167611 + 6163612 + 6265610 + 626569 - 6267612 + 6263611 
V2a 



- 6365611 + 6360612 - 636769 - 6363610 - 6465612 - 6460611 + 6467610 - 646369) 

+ —(6560613 - 6763613 - 69610613 - 611612613) 
a 
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A.3. U(4) X U(l)/SO(2) X SO(2) x SO(2). 

We define a basis of u(4) ©u(l) = so(2) © so(2) © so(2) © ma with Kf for i = 1..14 a basis of 11x3 
and Hf for i = 1..3 a basis of so(2) © so(2) © so(2): 

Kf (iff ,0) for i ^ 13 and Kf^ := (0, -^), 

(ff^ 0) for 1 = 1,2 and i/| - 5^% + - S^^), 0). 

Identifying m = mi = m2 = m3 witli Ai H> A'^^ i-> iff !-> iff we get the representation g^i of 
so(2) ©so(2) ©so(2) by 

V2e{A2i) = giiH') = Q2{Hl) = gsiHf), V2g{A,o) = Q2{HI) = g,{Hl), V2g{As) = g^iHl) 
and again we get a Sp(3) structure. In this basis we can compute the torsion and get 

T =^^(616569 - eieeeio + eicyen + 6163612 + 6265610 + 626569 - 6267612 + 6268611 
- 6365611 + 6366612 - 636769 - 6368610 - 6465612 - 6460611 + 6467610 - 646869). 

A.4. SU(5)/Sp(2). 

The Lie algebra of Sp(2) C Sp(3) and its splitting of V^* is given by Theorem lA.il Calculating 
the torsion tensor we get 

2a- 13, 

^"2aV^ ^^^^^^ ~ 6160610 + 6167611 + 6168612 + 6265610 + 626669 - 6267612 

+ 6268611 + 6364613 + 6365611 - 6365612 - 636769 - 6368610 + 6465612 
+ 6465611 + 6467610 - 646869 - 6566613 - 6768613) 

y/Wy - VQ{a + /3), 
H 2a^ (6162614 + 6364614 + 6565614 + 6768614). 

A. 5. Maximal subgroups of Sp(3). Using Dynkin's results jD57| . Gorodski and Podesta 
listed the maximal connected subgroups of Sp(n) in |GP05j . We restate the result for G C Sp(3) 
and add the decompositions of V^'^ into subrepresentations of G C Sp(3), computed easily via 
an appropriate computer algebra system. 

Given a group G C Sp(3), we give a basis of its Lie algebra q C sp(3) = {Ai \ i = 1.-21), the 
decomposition of V^'^ = Vi © .. © in irreducible subspaces, and a basis of each Vk C V^'^ = 
{Bi I z = 1..14). 

Theorem A.l. All maximal connected subgroups of Sp(3) and the decomposition of V^'^ into 
submodules for these subgroups are listed in Table 2. Furthermore, the subgroup Sp(2) C Sp(2) x 
Sp(l) C Sp(3) with Lie algebra Sp{2) = {{Ai \ i = 1..10}) acts irreducibly on A5, the irreducible 
^-dimensional spin representation o/Spin(5) = Sp(2) and on , its usual vector representation, 
and thus V^* has the same decomposition into Sp{2) -isotopic summands as under Sp(2) x Sp(l), 



V 



14 Sp(_2) ^ „5 ^ „1 



being the trivial representation. 
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G C Sp(3) 


Basis of g C sp(3) 




Basis of invariant submodules 


U(3) 


Al, A2, Ag, Aio, All, Ai2, 
An, ^18, A21 




Bi, S2, -Bs, Bq,Bq, Bio, -Bis, B14 


R« 


-B3, -B4, -B7, Bg,,Bii, B12 


S0(3) 


Vl0yli + 4yli7-3Ai9, 
^/lOyla +4yli8 + 3A20, 
3^9 + 5ylio + A21 




-^Bi3 + Bi4, —yJ^Be + Bio, 
--y/i-Bs + -Bg, :^-B2 + -Bs, 
— -^Bi + Br, Bs, B4, Bii, B12 




— ^Bi3 + Bi4, \J\b^ + -Bio, 

y|B5+B9,-^S2+B8, 

^Bi+Br 


Sp(2) X Sp(l) 


Al, ... ,AiQ, AiQ, A20, A21 


As 


Bi, ...Bs 




Bq, ..Bl3 




Bi4 


S0(3) X Sp(l) 


^1,^11,^17,^3+^10 +^21, 

Ar, + An + ^19 , At + As + A20 




Bi, -B3, B4, Br,. Br, Bs, Bg, Bn, B12 


R" ® Ri 


B2, -B(i, -Bio, Bi3, Bi4 



Table 2. Maximal connected subgroups of Sp(3) and decompositions of V 
into submodules. 



References 

[A03] I. Agricola, Connections on Naturally Reductive Spaces, Their Dirac Operator and Homogeneous 

Models in String Theory, Commun. Math. Phys. 232 (2003), 535563. 
[ABBFll] I. Agricola, J. Bcckcr-Bcndcr, T. Fricdrich On the topology and the geometry of SO(S)-manifolds, 

Ann. Global Anal. Gcom. 40 (2011), pp. 67-84. 
[ABBK12] I. Agricola, J. Bcckcr-Bcndcr, H. Kim, Tuiistorial eigenvalue estimates for generalized Dirac operators 

with torsion, preprint, under review. 
[AF04] I. Agricola and Th. Fricdrich, On the holonomy of connections with skew- symmetric torsion. Math. 

Ann. 328 (2004), 711-748. 

[AFIO] , A note on flat metric connections with antisymmetric torsion. Differ. Geom. Appl. 28 (2010), 

480-487. 

[BB09] J. Becker-Bender, SO{3)-Strukturen auf 5-dimensionalen Mannigfaltigkeiten, diploma thesis, 

Humboldt-Universitat zu Berlin, April 2009. 
[BN07] M. Bobicnski and P. Nurowski, Irreducible SO {i)- geometries in dimension five, J. Reinc Angcw. Math. 

605 (2007), 51-93. 

[Ca38] E. Cartan, Families de surfaces isoparametriques dans les espaces d courbure constante, Ann. Mat. 

Pura Appl., IV. Ser. 17 (1938), 177-191. 
[Ca39] , Sur des families remarquables d'hyper surf aces isoparametriques dans les espaces spheriques. 

Math. Z. 45 (1939), 335-367. 
[CM12] S.Chiossi, O.Ma<;ia, SO (3)-structures on 8-manifolds, to appear in Ann. Glob. Anal. Geom. (2012). 
[DZ79] J. E. D'Atri and W. Ziller, Naturally reductive metrics and einstein metrics on compact Lie groups, 

Mem. Am. Math. Soc. 215 (1979), 72 p. 
[CF07] S. Cliiossi and A. Fino, Nearly integrable SO(3) structures on ^-dimensional Lie groups, J. Lie Theory 

17 (2007), 539-562. 

[D57] E. B. Dynkin, Maximal subgroups of the classical groups, AMS Translations Series 2 Vol. 6 (1957), 

pp. 245-367. 

[Fin98] A. Fino, Intrinsic torsion and weak holonomy. Math. J. Toyama Univ. 21 (1998), 1-22. 
[F03] T. Friedrich, On types of non-integrable geometries. Rend. Circ. Mat. Palermo (2) Suppl. 71 (2003), 

99-113. 

[FrI02] Th. Friedrich and S. Ivanov, Parallel spinors and connections with skew- symmetric torsion in string 
theory, Asian Journ. Math. 6 (2002), 303-336. 



24 ILKA AGRICOLA, THOMAS FRIEDRICH, AND JOS HOLL 

[GP05] C. Gorodski, F. Podesta, Homogeneity Rank of Real Representations of Compact Lie Groups, Journal 

of Lie Theory Vol. 15 (2005), pp. 63-77. 
[HOI] N. Hitchin, Stable forms and special metrics, Contcmp. Math 288 (2001), pp. 70-89. 

[HL71] W.-Y. Hsiang, H.B.jun. Lawson, Minimal submanifolds of low cohomogeneity, J. Differ. Geom. 5 

(1971), 1-38. 

[HH80] W.-T. Hsiang, W.-Y. Hsiang, Examples of codimension-one closed minimal submanifolds in some 

symmetric spaces. I, J. Differ. Geom. 15 (1980), 543-551. 
[Hll] J. H611, Die Differentialgeometrie des symmetrischen Raums SU(6)/Sp(3), Diploma thesis, Philipps- 

Universitat Marburg, 2011. 

[IPOl] S. Ivanov, G. Papadopoulos, Vanishing theorems and string background. Classical Quantum Gravity 
18 (2001), pp. 1089-1110. 

[K96] M. Kerr, Some New Homogeneous Einstein Metrics on Symmetric Spaces, Traiisa<;tions of AMS 348 

(1996), no. 1, pp. 153-171. 

[L92a] H. T. Laqucr, Invariant affine connections on Lie groups. Trans. Am. Math. See. 331 (1992), 541-551. 
[L92b] H. T. Laquer, Invariant affine connections on symmetric spaces, Proc. Am. Math. Soc. 115 (1992), 
447-454. 

[vLOO] M. van Leeuwen, LiE version 2.2.2, http://www-math.vmiv-poitiers.fr/" maavl/LiE/ 
[KNI] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, Wiley Classics Library, Wiley 
Inc., Princeton, 1963, 1991. 

[KNil] , Foundations of differential geometry II, Wiley Classics Library, Wiley Inc., Princeton, 1969, 

1996. 

[MT91] M. Mimura, H. Toda, Topology of Lie Groups, I and II, AMS (1991). 

[N08] P. Nurowski, Distinguished Dimensions for Special Riemannian Geometries, Journal of Geometry and 

Physics (2008), Volume 58, Issue 9, pp. 1148-1170.. 
[OR12] C. Olmos, S. Reggiani, The skew-torsion holonomy theorem and naturally reductive spaces, Journ. 

Reine Angew. Math. 664 (2012), 29-53. 
[Pll] C. Puhle, Riemannian manifolds with structure group PSU(3), J. Lond. Math. Soc. 85 (2012), 79-100. 

[RIO] S. Reggiani, On the affine group of a normal homogeneous manifold, Ann. Global Anal. Geom. 37 

(2010), 351-359. 

[Sal89] S. Salamon, Riemannian geometry and holonomy groups. Pitman Research Notes in Mathematical 

Series, 201. Jon Wiley & Sons, 1989. 
[W08] F. Witt, Special metrics and Triality, Adv. Math. 219 (2008), 1972-2005. 



Ilka Agricola, Jos Holl 

Fachbereich Mathematik und Informatik 
Philipps-Universitat Marburg 
Hans-Meerwein-Strasse 
D-35032 Marburg, Germany 
agricolatoathematik . uni-marburg . de 
hoell j Smathematik . uni-marburg . de 

Thomas Friedrich 

Institut fur Mathematik 
Humboldt-Universitat zu Berlin 
SiTZ: WBC Adlershof 
D-10099 Berlin, Germany 
f riedricSmathematik . hu-berlin . de 



